The ability to determine the structure of matter in three dimensions has profoundly advanced our understanding of nature. Traditionally, the most widely used schemes for three-dimensional (3D) structure determination of an object are implemented by acquiring multiple measurements over various sample orientations, as in the case of crystallography and tomography 1,2 , or by scanning a series of thin sections through the sample, as in confocal microscopy 3 . Here we present a 3D imaging modality, termed ankylography (derived from the Greek words ankylos meaning 'curved' and graphein meaning 'writing'), which under certain circumstances enables complete 3D structure determination from a single exposure using a monochromatic incident beam. We demonstrate that when the diffraction pattern of a finite object is sampled at a sufficiently fine scale on the Ewald sphere, the 3D structure of the object is in principle determined by the 2D spherical pattern. We confirm the theoretical analysis by performing 3D numerical reconstructions of a sodium silicate glass structure at 2 Å resolution, and a single poliovirus at 2-3 nm resolution, from 2D spherical diffraction patterns alone. Using diffraction data from a soft X-ray laser, we also provide a preliminary demonstration that ankylography is experimentally feasible by obtaining a 3D image of a test object from a single 2D diffraction pattern. With further development, this approach of obtaining complete 3D structure information from a single view could find broad applications in the physical and life sciences.
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Lensless imaging techniques generally begin with the coherent diffraction pattern of a non-crystalline sample, which is measured and then directly phased to obtain an image. The initial insight that the continuous diffraction pattern of a non-crystalline object might be invertible was suggested in 1980 (ref. 4) . In 1999, coherent diffraction microscopy was first experimentally demonstrated 5 . Since that initial demonstration, lensless imaging has advanced considerably, and has been applied to a wide range of samples, including nanoparticles, nanocrystals, biomaterials, cells, cellular organelles, viruses and carbon nanotubes by synchrotron radiation [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , electrons 20, 21 , high harmonic and short wavelength laser sources 22, 23 , and free electron lasers [24] [25] [26] . However, in order to generate 3D images by coherent diffraction microscopy, multiple diffraction patterns are required at different sample orientations 7, [10] [11] [12] [13] 16, 19 . The precise mechanical tilting necessary to obtain these patterns or the requirement of having multiple identical copies of the specimen 27 prevents 3D imaging by a single X-ray free electron laser (X-FEL) pulse or time-resolved 3D structure determination of disordered materials. Here we develop a novel imaging modality-ankylography-that could overcome these limitations (although it introduces additional constraints that may not always be satisfied). Figure 1 shows a schematic layout of the conceptual set-up for ankylography. A coherent beam of wavelength l illuminates a finite object. The scattered waves form a diffraction pattern on the Ewald sphere, which can be expressed in the spherical polar coordinate system (Supplementary Discussion) as:
where F(h,w) j jis proportional to the magnitude of the scattered waves, h and Q are the spherical polar coordinates, r(r) the 3D structure of the object with r 5 (x, y, z), and V the spatial extent of the object. When the 2D spherical diffraction pattern is sampled at a scale sufficiently finer than the Nyquist interval such that the oversampled degree (O d ) is larger than 1, the oversampled diffraction pattern in principle determines the 3D structure of the object (Supplementary Discussion), which can be retrieved by iterative algorithms. Here O d is defined as the ratio of the number of measured intensity points from equation (1) to the number of unknown variables of the 3D object array 28 . Although equation (1) assumes plane wave illumination, ankylography can be extended to divergent or convergent wave illumination through deconvolution with the illumination function. The 3D spatial resolution of ankylography is determined by ( Supplementary Fig. 1 ):
where d x , d y and d z represent the resolution along the x, y and z axes, respectively. The z axis is along the beam propagation direction, and 2h max is the diffraction angle shown in Fig. 1 .
To confirm our theoretical analysis, we conducted numerical simulations of 3D structure determination of sodium silicate glasses (25Na 2 O-75SiO 2 ). Sodium silicate glasses are archetypal for a wide variety of multicomponent silicate glasses that find applications from glassware and window panes, to optical fibres, photonic devices and bioactive glasses. Unlike crystalline materials, glasses lack long-range periodicity, which makes experimental determination of the glass structure difficult by traditional diffraction methods. Thus the inherent complexity of glass structures combined with the lack of experimental methods to probe them (especially for medium range structures) makes understanding and visualizing the atomic and nanostructure of glasses a great challenge to the scientific community. By combining classical molecular dynamics (MD) simulations with subsequent geometry optimization using ab initio density functional theory calculations, we obtained a 3D sodium silicate glass structure of 204 atoms, with a size of 14 3 14 3 14 Å (Supplementary Methods). A beam of coherent X-rays with a wavelength of 2 Å was incident on the nanostructure. The total coherent flux illuminating the glass structure was about 10 13 photons. An oversampled 2D diffraction pattern was calculated on the Ewald sphere, with 2h max 5 90u. Poisson noise was added to the spherical diffraction pattern, shown in Fig. 1a .
To reconstruct the 3D glass structure, we embedded the 2D spherical diffraction pattern into a 3D array of 64 3 64 3 64 voxels, corresponding to O d 5 2.7. As the electron density of the glass structure is real, we also embedded the centro-symmetrical diffraction pattern into the same array. All other data points in the 3D array were set as unknowns. The 3D reconstruction was computed using a phase retrieval algorithm which iterated back and forth between Fourier and real space (Methods Summary and Supplementary Discussion). In Fourier space, the measured data points on the Ewald sphere were updated in each iteration. In real space, the non-zero values outside the envelope of the 3D structure (that is, a support) were suppressed. In addition, we also exploited the fact that the region outside the support should be uniform. Inside the support, we enforced the constraint that the electron density must be non-negative and continuous (details of the constraints and the phase retrieval algorithm can be found in Supplementary Discussion). Figure 1b shows the 3D atomic positions of the reconstructed sodium silicate glass structure with a resolution of 2 Å in all three dimensions (see Supplementary Fig. 2 for resolution quantification). In Fig. 1b , the red, purple and yellow spheres represent the positions of O, Na and Si atoms, respectively. Compared to the MD simulated structure, the 3D atomic positions of the sodium silicate glass structure are resolved. Figure 2 shows two 2-Å -thick slices of the MD simulations ( Fig. 2a and c) and the reconstructed structures ( Fig. 2b and d) along the x-y and x-z planes, respectively. The electron density distribution of the reconstructed structure is in good agreement with that of the MD simulation. The slight difference of the electron density between the two structures is likely to be due to the Poisson noise added to the diffraction pattern.
To explore theoretically the biological application of ankylography, we performed a numerical experiment on 3D image reconstruction of an individual poliovirus from a single X-FEL pulse. Poliovirus contains a single-stranded RNA genome within an icosahedral capsid that is delivered into a host cell via interaction of virus coat proteins with a poliovirus receptor 29 . During this process, the virus undergoes an irreversible conformational change that results in an increased affinity for the poliovirus receptor, producing what is known as the 135S particle 29 . In the numerical experiment, we simulated an X-FEL pulse with l 5 1.77 nm and 10 13 photons per pulse that was focused to a 100 nm spot and illuminated a single 135S particle. The 3D model structure of the poliovirus has been obtained by cryo-electron microscopy through averaging 8,224 particles 29 . A diffraction pattern on the Ewald sphere was obtained with a diffraction angle of 62.6u, which corresponds to a spatial resolution of 2.0 nm in the x-y plane and 3.3 nm along the z axis. Poisson noise was added to the diffraction intensities. The 3D ankylographic reconstruction was computed using the iterative algorithm without a priori information of the virus structure (Methods Summary and Supplementary Discussion). We also noted that when the array size of the 3D object becomes larger, the ankylographic reconstruction requires additional constraints. In the reconstruction of the poliovirus, we applied not only the constraints of uniformity outside the support, continuity inside the support and non-negativity of the electron density, but also the amplitude extension constraint (that is, gradually computing the 3D reconstruction from low to high resolutions; see Supplementary Discussion for details). LETTERS noisy diffraction pattern alone, which are in excellent agreement with the model (Supplementary Fig. 3 ). The reconstructed 3D capsid structure clearly resolves the star-shaped mesa that forms the fivefold symmetry (red dots in Fig. 3a ) and the propeller tips (blue dots in Fig. 3a ) that form the three-fold symmetry. In the vicinity of the fivefold mesa and the propeller structure is a canyon (indicated with arrows in Fig. 3a and b) , which is the expected binding site of the poliovirus receptor. Compared to cryo-electron microscopy, which enables 3D imaging of large protein complexes such as viruses by averaging over thousands of particles, ankylography can potentially be used to determine the 3D structure of a single biological complex at high resolution.
As an initial attempt to verify ankylography with experimental data, we used a 2D diffraction pattern taken with a soft X-ray laser of l 5 47 nm and l/Dl < 10 4 (ref. 24) . The test pattern was fabricated by etching through a substrate consisting of a silicon nitride membrane of thickness ,100 nm. Except for the patterned area, the substrate was opaque to the 47 nm light. A slant of the test sample relative to the incident beam served to increase the z-axis width of the sample, providing a 3D depth (Fig. 4b) . The CCD detector (Andor, 2,048 3 2,048 pixel extreme ultraviolet detector array, 13.5 3 13.5 mm 2 pixel size) was positioned at a distance of 14.5 mm from the sample. A 2D diffraction pattern was measured by the detector with intensities extending to the edges of the CCD camera. To enhance the signal to noise ratio, we integrated the diffraction intensities by binning 3 3 3 pixels into 1 pixel and then interpolated the planar diffraction pattern onto the Ewald sphere ( Supplementary Discussion, Fig. 4a ). The spherical diffraction pattern was embedded into a 3D array of 420 3 420 3 240 voxels with O d 5 2.6.
The phase retrieval was carried out using similar methods to those used for the sodium silicate glass structure (Methods Summary and Supplementary Discussion) . Figure 4b and c shows iso-surface renderings of the 3D reconstruction in the x-y plane (front view) and the x-z plane (side view), respectively, in which the front view is in good agreement with the scanning electron microscopy (SEM) image (Fig. 4e) . The spatial resolution of the reconstructed image was estimated to be 80 nm along the x and y axes and 140 nm along the z axis. On the basis of the 3D reconstruction, we measured the tilt angle of the sample relative to the beam to be 5.1u (Fig. 4b) . Figure 4d shows a line scan along the z axis of the reconstructed image. The width of the tilted sample's projection onto the z axis was measured to be 405 nm in the reconstruction, which is in good agreement with the expected value of 389 nm computed from the sample geometry and the tilt angle. Moreover, we identified two structure defects in the test sample, which were present in the SEM image taken after the experiment (arrows in Fig. 4e ), but not in the SEM image before the experiment. These structure defects, which were probably due to dust particles deposited on the edge of the sample, are spatially resolved in the 3D reconstructed image (arrows in Fig. 4b ). Although our reconstruction agrees well with the 3D structure of the test sample, we acknowledge that this is probably a non-ideal test sample, for the following reasons. First, the sample was relatively thin and, even after tilting, the z-axis width was still a few times smaller than the dimensions in other axes. Second, it was a transparent sample on an opaque substrate, which potentially lends itself to other interpretations 30, 31 . It is hence desirable to have more convincing experiments in the future.
In conclusion, we have discovered that the 3D structure information of a finite object is in principle encoded into a 2D diffraction pattern on the Ewald sphere. When the diffraction pattern is sufficiently oversampled, the 3D structure may be directly retrieved from the 2D spherical diffraction pattern using the phase retrieval algorithm with physical constraints. Both our numerical simulations and preliminary experimental results have indicated the feasibility of this 3D imaging technique. Compared to conventional 3D coherent diffraction microscopy 7, [10] [11] [12] [13] 16, 19 , ankylography requires a comparable amount of incident flux for achieving a desired resolution, but redistributes all the intensities more finely on the Ewald sphere, which eliminates the necessity of sample tilting. On the other hand, ankylography requires additional constraints to facilitate the 3D reconstruction from spherical diffraction pattern alone.
Although we have applied the constraints of non-negativity, uniformity outside the support, continuity inside the support and amplitude extension in this study, there are more physical constraints that may be used to further improve the ankylographic reconstructions; these include atomicity 1 , histogram matching 1 , molecular replacement 1 and non-crystallographic symmetry 1 . Furthermore, owing to the oversampling requirement of the single 2D diffraction pattern, ankylography demands area detectors with a large number of pixels to compute 3D reconstructions of sizeable specimens at high resolutions. In addition, to reduce the interpolation errors (Supplementary Discussion), spherical area detectors are more desirable in ankylography. Finally, our preliminary numerical simulations have indicated that, with two or more 2D spherical diffraction patterns, the 3D image reconstruction can be distinctively improved. Thus ankylography may also be used to reduce the number of tilts required in 3D coherent diffraction microscopy. Looking forward, by incorporating additional constraints into the phase retrieval algorithm and using dedicated detectors, ankylography could be applied to perform 3D structure determination of a broad range of specimens without the necessity of sample tilting, scanning or sectioning.
METHODS SUMMARY
3D image reconstruction in ankylography proceeds by means of an iterative algorithm. A random phase set defines an initial input and iterates back and forth between Fourier and real space where physical constraints were applied. In Fourier space, the magnitudes of the Fourier transform on the Ewald sphere were set to the measured values. The data points not on the Ewald sphere were initially set as unknowns and updated with each iteration of the reconstruction. In real space, the following constraints were enforced: the electron density must be nonnegative, continuous, and bounded within a support. Data points of the image estimate that did not satisfy the positivity or boundedness constraints were modified by the operations described further in Supplementary Information. In order to enforce continuity of the image within the support, a Gaussian filter was periodically applied to the image density throughout the reconstruction. Outside the support, where the density should be uniform, in addition to approximately zero-valued, convolution with a box kernel was implemented as described in Supplementary Information. An error metric, defined as the difference between the computed data points on the Ewald sphere and the measured ones, was used to monitor the convergence of the algorithm. In order to capitalize on the fast convergence of the 3D reconstructions, where knowledge of a tight support is not necessary, we begin with a low-resolution reconstruction in order to recover the missing magnitudes in Fourier space. We subsequently include these recovered amplitudes in the higher resolution reconstructions. We call this type of constraint 'amplitude extension'. This constraint allows the object envelope to be easily computed without a priori information. A detailed description of how these constraints are implemented can be found in Supplementary Information.
